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The problem of convection in a variable gravity field is studied by using methods 
of linear instability theory and nonlinear energy theory. It is shown that the 
decreasing or increasing of gravity in a specific direction can be stabilizing or 
destabilizing and it is further shown how to quantify this effect. Specific results are 
presented for the situation where gravity decreases linearly throughout a plane 
layer. The nonlinear results are found to be very close to the linear ones and define 
a small band where possible subcritical instabilities may arise. ‘0 1989 Academic 
Press. Inc. 
1. INTRODUCTION 
In a recent paper Pradhan and Samal [6] studied convection in a plane 
layer in a gravity field which varies with the direction normal to the layer. 
They restricted attention to qualitative analysis for inviscid, linear theory 
and mainly investigated the reality of the eigenvalue, O, arising from an ear 
time like dependence. A circle theorem was proved “estimating” the 
absolute value of 0. 
The object of this work is to show that it is easy to study the viscous 
analogue of the problem in [6] and obtain quantitative results for the onset 
of convection and, moreover, to obtain similar results for the nonlinear 
problem. From an explicit example studied, the latter results are, in 
general, expected to be very close to the linear ones thereby revealing a 
small band of Rayleigh numbers where possible subcritical instabilities may 
arise. Indeed, the example provided derives explicit results which show that 
this is the case. 
As Pradhan and Samal [6] point out, it is likely to be important to 
consider variable gravity effects in the large scale convection of (planetary) 
atmospheres. We believe the addition of viscosity will provide a more 
realistic situation. It could be argued that one should further include com- 
pressibility, but we prefer to treat at this stage the incompressible model as 
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the results will certainly be more transparent; the mathematical com- 
plexities introduced by compressibility even with a constant gravity field 
are highly nontrivial, cf. Spiegel [7] and Padula [4]. We might point 
out, however, that to describe a convective atmosphere it is sometimes 
necessary to include non-Boussinesq (penetrative) effects (Veronis [9]). 
The present work could easily be generalized to include such effects, i.e.. 
penetrative convection in a variable gravity field, if one were to employ the 
methods outlined in [8, 51 in conjunction with those described here. 
After now presenting the appropriate equations for convection in a 
variable gravity field the paper studies the linear instability problems in 
Section 2 and then a nonlinear analysis by the energy method is given in 
Section 3. Finally, in Section 4, we present numerical results for a model in 
which gravity decreases linearly throughout the layer. 
Consider now a layer of heat conducting viscous fluid contained between 
the planes z = 0 and z = d. The stationary solution subject to specified tem- 
peratures on the boundaries 
T= To, z = 0; T=T,, z=d; 
To > T,, T,,, T, are constants, and the no-slip condition 
is 
v=O on z=O,d, 
v,-0, T,= -bz+ To, 
where the temperature gradient /I = (T,, - T,)/d. Under an appropriate 
nondimensionalization, the equations for a perturation to this solution are 
(cf. Joseph [3]), allowing for a variable gravity field in the negative 
(downward) z direction, 
Uf,[ + u.jUi,, = -P.l+ ROk;( 1 + Eh) + AU,, (1) 
u,,, = 0, (2) 
Pr(8,, + ~~0,~) = A0 + Rw, (3) 
where u = (u, v, w), p, d are the perturbation velocity, pressure, and tem- 
perature fields, Ra = R2 is the Rayleigh number, Pr is the Prandtl number, 
k = (0, 0, l), the gravity field g(z) = 1 +&h(z), and standard indicial 
notation is employed. 
Equations (l)-(3) are defined on the layer z E (0, 1) and the following 
boundary conditions are assumed to hold: 
u = 0, z = 0, d; 6 = 0, z=O, d; (4) 
U, 6 P are periodic in x and 4’. (5) 
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Equations (4) are consistent with two fixed surfaces, although our analysis 
also works for two free surfaces or one fixed-one free surface. Conditions 
(5) are consistent with the observed cellular convective patterns which form 
in practice. 
2. LINEAR INSTABILITY 
To investigate linear instability we remove the convective terms from (1) 
and (3) and assume a solution like u = e”‘u(x) with a similar representation 
for 8 and p. It is interesting to note that one can use E. A. Spiegel’s method 
(given in Veronis [9]) to prove that it is sufficient o study the case (r E Iw, 
when the boundaries are free. We outline this proof here. 
Take the linear forms of (1 t(3) and assume the representation above. 
Then take curlcurl of the equation arising from (1). We next take the third 
component of the resulting equation and the equation arising from (3) to 
obtain the system 
aAw=A*W+Rg(z)A*e, (6) 
oPrtJ=AB+Rw, (7) 
where A* = iJ*/ax* + a’jay’. For two free boundaries the relevant boundary 
conditions are 
w=Aw=8=0, z=o, 1. (8) 
The variable w is eliminated from (6), (7) to yield 
A30 - a( 1 + Pr) A20 + CJ* Pr A6’- R2g(z) A*0 = 0. (9) 
We multiply this equation by 0* (complex conjugate of 0) and integrate 
over a cell, V, of solution periodicity. With I(.11 and (.) denoting the norm 
on L*(V) and integration over V, respectively, we derive 
- (IVA~~~*-~(l +Pr)llAdil*-a* PrllV0il*+ R*(g]V*el*) =O, 
where V* = (a/ax, alay). The imaginary part of this equation leads to 
where it has been assumed that e = e, + iai. Hence, if (T, # 0 then gr < 0. 
This shows it is sufficient to consider the stationary convection boundary 
0 = 0. It is generally believed such a result is true for the boundary condi- 
tions appropriate to fixed surfaces, but I am unaware of a proof of such a 
result. 
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To find the critical Rayleigh number of linear theory, therefore. we 
concentrate on finding the lowest eigenvalue of the system 
o= -p,,+nui+Rek,[l +r:II(l)], (10) 
0 = u,,, (11) 
o= Rw+de, (12) 
subject to the boundary conditions (4), (5). 
Due to the variable coefficient we investigate this eigenvalue problem 
numerically. Before doing this, however, it is worth observing that we may 
obtain useful qualitative information by an asymptotic analysis for small E. 
To do this we expand u, ~9, p, R in regular perturbation series, 
u;=uio+&u,‘+ ‘.. 
p=pO+&p’+ “’ 
e = e” + &cl’ + . 
R=R,$ER,+ .... 
The O(1) problem is standard Benard (constant gravity). For illustration 
we consider two free surfaces and then 
Ro2=27n4/4, w. = A sin 7rz, ao2 = $72, 
ao2 being the wavenumber squared. The O(E) problem yields 
O=(-p',i+dui1+k,Ro8,)+ki[R,B,+R,80h], (13) 
O=(dO'+Row,)+R,wo, (14) 
where the parentheses enclose the terms acted on by the operator of the 
0( 1) case. Orthogonality between the 0 and 1 terms then allows us to 
deduce (i.e., multiply (13) by wo, (14) by 8, and integrate over V) 
RI = - Ro<h~owo)P<woeo). (15) 
Since w. and 8, are both a multiple of sin rcz, R, is well defined and if 
(a) h<O, R,>O, 
(b) h>O, R, <O. 
Case (a) has a larger critical Rayleigh number than the classical situation 
and so is stabilizing whereas case (b) is the opposite. 
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In Section 4 we present numerical results for the problem in which 
h(z)= -z, and it is found there that the critical Rayleigh number is 
stabilizing for all E, in good agreement with the asymptotic results. 
Employing normal modes in (lo)-( 12) we must solve the system 
(D* - a*)* W = R( 1 - Ez) a20, 
(0*-a*)@= -RW, 
z E (0, 1 ), D = d/dz, subject to the boundary conditions 
W=DW=@=O on z=O.l. 
Our numerical routine uses the compound matrix method (see Drazin and 
Reid [ 1 ] ) to find R for fixed a’, the numerical integration being performed 
via the NAG routine D02BAF, and then uses golden section search to find 
Ra, = nrin R(a2). 
3. NONLINEAR ENERGY STABILITY 
The linear theory defines a critical Rayleigh number such that for 
Rayleigh numbers above this the system (l)-(3) is linearly unstable and 
convective motion begins. If E # 0, then the linear time independent part of 
(l))(3) does not define a symmetric system and hence convection could 
commence for Rayleigh numbers below the critical value of linear theory, 
cf. Joseph [3] and Galdi and Straughan [2]. We now use a nonlinear 
energy method to obtain a critical Rayleigh number boundary which 
guarantees nonlinear stability. Such a boundary is very useful as it defines 
a narrow band of Rayleigh numbers where possible subcritical bifurcation 
may arise. 
To commence, we define E(t) by 
E(t)=:llull*+tPr~(1811*, (16) 
where I (>O) is a coupling parameter at our disposal. By differentiating 
and using (l)-(5) we find 
dE/dt = -D(u) -AD(O) + R(wO(A + g)), (17) 
where D( .) denotes the Dirichlet integral. Next, define 
R,-‘=rnsx [(we(~+g))/{D(u)+~D(B)}], (18) 
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where A is the space of admissible solutions. Then, from (17) we may 
obtain 
dE/dt < -9( 1 - R/R,), (19) 
where 
2 = D(u) + l.D( 0). 
If now R < R, then use of Poincare’s inequality in (19) allows us to show 
E + 0, t -+ co, at least exponentially. Hence, R < R, is a sufficient condition 
to guarantee nonlinear stability and very rapid decay of disturbances for all 
initial amplitudes. 
It is necessary to find R, and to this end we set in (18) cp = A’128, so that 
R;‘=m~[(~‘(~({%+l+sh}/~~‘~))/%], (20) 
where 
9 = D(u) + D(q). 
The Euler-Lagrange equations for the maximum in (20) are 
2Au, + R,Fqki= 7c,,, (21) 
2Acp + R,Fw =O, (22) 
where F=(l +i,+sh)/A”2, u is solenoidal, and 7t is a Lagrange multiplier. 
We solve this system numerically subject to the boundary conditions (4), 
(5), but before doing so we are able to obtain useful information by using 
Joseph’s [3] ideas of parametric differentiation. With 4 denoting either E or 
A, it is possible to derive from (21), (22) 
9(aRE/a<) = - R,yqw[aqa~] ). (23) 
We then set i; = E, (23) yields 
qa&/aE)= -R,2ipLJ2(hqw). (24) 
Equation (24) is suggestive that dR,/& > 0 ( ~0) according to h < 0 ( >O). 
This fact is borne out numerically for the example chosen in Section 4. (We 
could have employed an asymptotic analysis as in Section 2 to arrive at the 
same condition for small E.) 
If instead 5 = A, (24) leads to 
9[aR&%.] = - $RE21e 3’2((pW(). - 1 -&h)). 
Equation (25) heuristically suggests that 
(25) 
/?-l+Eh averages 
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since at the “best” value of R, we should have iJR,/aA = 0. In Section 4 we 
study the problem with h = -z so that 
ANl-+& (26) 
is a good area to search numerically. In fact, we include a comparison of 
(26) with the actual best value of A found. 
To obtain the optimum value of R, from (21) (22), numerically, subject 
to (4) (5), we take curlcurl of (21) and the third component of the result 
and then normal modes leaves us to solve 
(D2 - a2)2 W- $R,Fa2@ = 0, (27) 
(D2-a2)o+$R,~~=0, (28) 
together with the boundary conditions 
W=DW=@=O at z=O, 1. (29) 
The object is to solve (27), (28) for the lowest eigenvalue R, and obtain 
Ra, = m?x rnin RE2(a2; A). 
TABLE I 
Comparison of Critical Rayleigh Numbers and Wavenumbers of Linear and 
Nonlinear Energy Theory 
Linear Energy 
E RaL aL2 RaE aE2 I A,,, = 1 - 4& 
0.0 1707.764 9.7115 1707.764 9.7115 1.0000 
0.1 1797.609 9.7117 1797.552 9.7118 0.95010 
0.2 1897.338 9.7123 1897.072 9.7128 0.90042 
0.3 2008.659 9.7135 2007.948 9.7147 0.85100 
0.4 2133.691 9.7155 2132.179 9.7179 0.80190 
0.5 2275.098 9.7187 2272.238 9.7230 0.75316 
0.6 2436.264 9.7234 2431.220 9.7304 0.70486 
0.7 2621.559 9.7302 2613.038 9.7411 0.65710 
0.8 2836.711 9.7401 2822.691 9.7566 0.61001 
0.9 3089.363 9.7545 3066.632 9.7786 0.56373 
1.0 3389.903 9.7754 3353.267 9.8099 0.51849 
1.1 3752.777 9.8064 3693.660 9.8548 0.47455 
1.2 4198.521 9.8529 4102.443 9.9194 0.43228 
1.3 4757.049 9.9249 4599.005 10.013 0.39214 
1.4 5472.945 10.040 5208.847 10.149 0.35474 
1.5 6413.727 10.230 5964.837 10.346 0.32078 
1.00 
0.95 
0.90 
0.85 
0.75 
0.70 
0.65 
0.55 
0.50 
0.45 
0.40 
0.35 
0.30 
0.25 
Note. The value given for I represents the best value 
409/140/2-13 
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4. NONLINEAR RESULTS FOR LINEARLY DECREASING GRAVITY 
In this section we present the numerical results for the example in which 
g(z) = 1 - EZ. We choose E values from 0 to 1.5 and so investigate the 
possibility of a very widely varying gravity field, one which even changes 
sign. Such fields are of interest in laboratory experiments in areas of crystal 
growth and other applications, although a plane layer would not be the 
geometry studied. Nevertheless, our results may help us to understand such 
situations. 
Table I includes a comparison of the critical Rayleigh numbers and 
wavenumbers for linear instability and nonlinear energy stability for 
0 d E B 1.5. When E is small, it should be observed that the nonlinear Ra 
values are very close to the linear ones and so for these linear theory 
should predict the onset of convection well. Even for F = 1.5, the nonlinear 
result is not too far from the linear one and defines a useful threshold. It 
is of interest to observe how close the best value of 2 is to the estimate 
‘“,“/ 
00 01 02 03 OL 05 06 07 08 09 10 11 12 13 IL 15 
E 
FIG. 1. Critical Rayleigh numbers against E. The upper curve represents the linear values 
while the lower curve corresponds to nonlinear ones. 
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obtained by using parametric differentiation. For completeness, the varia- 
tion of Ra against E is shown graphically for linear and nonlinear theory in 
Fig. 1. 
The computational results were all obtained on the University of 
Glasgow’s ICL 3980 computer in double precision arithmetic. To obtain 
the accuracy reported here we used a tolerance of lop8 in the NAG routine 
D02BAF and to locate the max/min in golden section search and the root 
in the linear interpolation routine a tolerance between lop4 and lop6 
sufficed. Finally, while we have reported results only for the gravity field 
g= 1 - EZ, the numerical routine is applicable to a wide variety of other 
fields. 
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